
Stratification Quotients by finite equivalence relations Semi-ampleness for slc pairs Base point free theorem

Existence of log canonical closures

Minimal Model Program Learning Seminar

December 17 2021



Stratification Quotients by finite equivalence relations Semi-ampleness for slc pairs Base point free theorem

Index

1 Stratification

2 Quotients by finite equivalence relations

3 Semi-ampleness for slc pairs

4 Base point free theorem



Stratification Quotients by finite equivalence relations Semi-ampleness for slc pairs Base point free theorem

Main Proposition

Proposition 1 (3.1)

Let (X ,∆) be a dslt pair, projective over a normal variety U. And
n : X n → X be the normalization. Write
n∗(KX +∆) = KX n +∆n + Γ. Where Γ is the double-locus.
Assume that:

There exists an open set U0 ⊂ U, such that if we write
(X 0,∆0) = (X ,∆)×U U0, then KX 0 +∆0 is semi-ample over
U0.

The image of any non-klt center of (X n,∆n + Γ) intersects
U0, and

KX n +∆n + Γ is semi-ample over U0.

Then, KX +∆ is semi-ample over U.
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Definition 1 (3.2)

Let X be a scheme. A stratification of X is a decomposition of X
into a finite disjoint union of reduced locally closed sub-schemes
We write X = ∪iSiX where SiXi ⊂ X is the i-th dimensional
stratum. Such a stratified scheme is denoted by (X ,S∗). We
assume that ∪i≤jSiX is closed for every j .
The boundary of (X , S∗) is the closed subscheme

BX := ∪i<dimXSiX = X\SdimXX .

Let (X ,S∗), (Y , S∗) be stratified schemes. We say that f : X → Y
is a stratified morphism if f (SiX ) ⊂ SiY for every i .
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Example 2

Let (X ,∆) be a log canonical pair. Let S∗
i ⊂ X be the union of all

non-klt centers of (X ,∆) of dimension ≤ i , and
SiX := S∗

i (X ,∆)\S∗
i−1(X ,∆). We call this the lc stratification of

(X , /Delta).
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Definition 3 (3.4)

(N) We say that (X , S∗) has normal strata if each SiX is normal

(SN) We say that (X , S∗) has seminormal boundary if X and the
boundary BX are both seminormal

(HN) We say that (X , S∗) has hereditary normal boudary if:

X satisfies (N)
The normalization π : X n → X is stratifiable, and
B(X n) satisfies (HN)

(HSN) We say that (X , S∗) has hereditary seminormal boundary if:

X satisfies (SN)
The normalization π : X n → X is stratifiable, and
B(X n) satisfies (HSN)
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The lc stratification satisfies (N), (SN),(HN) and (HSN).

Example 4

Take
X = (x2 = y2(y + z2)) ⊂ (A)3

. With S1 = (x = y = 0). Then S1 and S2 are smooth. The
normalzation of X is:

X n = (x21 = y + z2) ⊂ A3.

And the preimage of S1X is (y = x21 − z2 = 0), which is not
normal.
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Definition 5 (3.6)

Let Y be a normal scheme. A minimal qlc structure on Y is a
proper surjective morphism f : (X ,∆) → Y , where:

(X ,∆) is a log canonical pair

OY = f∗OX , and

KX +∆ ∼f ,Q 0
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Definition 6 (3.7)

Let f : (X ,∆) → Y be a minimal qlc structure. We define the f-qlc
stratification (Y , S∗(X/Y ,∆)) in the following way. Let HX denote
the set of all non-klt centers of (X ,∆). For each Z ∈ HX , let:

WZ = f (Z )\
⋃

Z ′∈(H)X ,f (Z)⊈f (Z ′)

f (Z ′).

Then Y = ⨿Z∈HXWZ
is the qlc-stratification.
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Definition 7

Let X and R be U-schemes. A pair of morphisms σ1, σ2 : R ⇒ X
is called a pre-relation. It is called finite if both morphisms are
finite and a relation if σ : R → X ×U X is a closed embedding.

Definition 8 (3.3)

Let (X < S∗) be a stratified scheme. A relation σ : R ⇒ X is
stratified if each σi is stratifiable and σ−1

1 Si = σ−1
2 Si .



Stratification Quotients by finite equivalence relations Semi-ampleness for slc pairs Base point free theorem

Definition 9

Let X and R be reduced U-schemes. We say that a relation
σ : R ⇒ X is a set theoretic equivalence relation if:

σ is geometrically injective.

R contains the diagonal.

There is an involution τR on R, such that τX×X ◦ σ ◦ τR = σ.

For 1 ≤ i < j ≤ 3. Taking Xi := X and Rij ⊂ Xi ×U Xj . Then
the coordinate projection of red(R12 ×X2 R13) to X1 ×U X2

factors:
red(R12 ×X2 R13) → R13 → X1 × X3.
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Definition 10

Let σ : R ⇒ X be a set theoretic equivalence relation. We say that
q : X → Y is a geometric quotient of X by R if:

q ◦ σ1 = q ◦ σ2.
q : X → Y is universal with this property.

q : X → Y is finite.

The geometric quotient is denoted by X/R.
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Lemma 11

Let R ⇒ X be a finite, set theoretic equivalence relation with X ,R
reduced and over a field of characteristic 0. let π : X ′ → X and
q′ : X ′ → Z be finite surjections, with either

X ,Z are semi-normal and the geometric fibers of q′ are
exactly the pre-images of R-equivalence classes.

X ,Z normal and such that the σi : R → X are open and over
a dense subset of Z , the geometric fibers of q′ are exactly the
pre-images of R-equivalence classes.

Then Z = X/R
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Theorem 12 (3.8)

Let (X ,S∗) be a stratified excellent scheme or algebraic space over
a field of characteristic 0. Assume that (X , S∗) satsfies (HN) and
(HSN). Let R ⇒ X be a finite,stratified, set theoretic equivalence
relation. Then:

The geometric quotient X/R exists.

π : X → X/R is stratifiable, and

(X/R, π∗S∗) also satisfies (HN) and (HSN).

Proof
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Lemma 13

Let (X ) be an excellent scheme over a field of characteristic 0 that
is normal and of pure dimension d. Let R ⇒ X be a finite, set
theoretic equivalence relation. Let Rd ⊂ R denote the
d−dimensional part of R. Then

Rd ⇒ X is a finite, set theoretic equivalence relation,

The geometric quotient X/Rd exists, and

X/Rd is normal.

Proof
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Lemma 14 (3.9)

Let (X , S∗) be a stratified space satisfying (N) and Z ⊂ X a closed
subspace which does not contain any of the irreducible components
of the SiX. Let R ⇒ (X , S∗) be a pro-finite, stratified, set theoretic
equivalence relation. If R|X\Z is a finite set theoretic equivalence
relation, then R is also a finite set theoretic equivalence relation.

Proof
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Let (X ,∆) be a dslt pair, Γn the normalization of the double locus
of Γ ⊂ X n and τ : Γn → Γn the induced involution. Then the
relation τ1, τ2 : Γ

n ⇒ X n has quotient given by the normalization:

π : X n → X = X n/Γn.

As L := π∗(KX ) +∆ = KX n +∆n +Γ is semi-ample on X n, we get
fibre space gn : X n → Y n. Let hn : Γn → T n be the fibre space
induced by |mL|Γn |. Then we have the following commutative
diagram:

Γn X n

T n Y n

hn gn
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Γn X n

T n Y n

hn gn

Where the morphisms τ1, τ2; Γ
n → X n induce morphisms

σ1, σ2 : T
n → Y n. Where gn : (X n,∆n + Γ) → Y n and

hn : (Γn,Θ) → T n give minimal qlc structures, which induce
minimal qlc-stratifications. Where KΓn +Θ = (KX n +∆n + Γ)|Γn
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Theorem 15 (3.13)

The quotient Y of T n ⇒ Y exists. Furthermore, there exists a
morphism g : X → Y .

Proof

Our aim is to use Theorem (3.8), we need to prove it is a
stratified, finite, set theoretic equivalence relation.
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Lemma 16 (3.11)

σ : T ⇒ Y gives a stratified equivalence relation.

Proof
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Lemma 17 (3.12)

σ : T ⇒ Y generates a finite set theoretic equivalence relation.

Proof
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Proof of main Proposition

Proposition 1 (3.1)

Let (X ,∆) be a dslt pair, projective over a normal variety U. And
n : X n → X be the normalization. Write
n∗(KX +∆) = KX n +∆n + Γ. Where Γ is the double-locus.
Assume that:

There exists an open set U0 ⊂ U, such that if we write
(X 0,∆0) = (X ,∆)×U U0, then KX 0 +∆0 is semi-ample over
U0.

The image of any non-klt center of (X n,∆n + Γ) intersects
U0, and

KX n +∆n + Γ is semi-ample over U0.

Then, KX +∆ is semi-ample over U.
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Technical Result

Theorem 18 (Gongyo 10)

For (X ,∆) a klt pair, with KX +∆ ∼Q 0. The image of
ρm : (Bir(X ,∆)) → Aut(H0(X ,m(KX +∆))) is a finite group for
a sufficiently large and divisible m.

Proof (of Proposition 3.1)
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Theorem 19 (4.1)

Let f : X → U be a projective morphism and (X ,∆) be a
Q-factorial dlt pair. Assume that there exists an open subset
U0 ⊂ U, such that:

the image of any strata Si of S = ⌊∆⌋ intersects U0

KX +∆ is nef and (KX +∆)|X 0 is semi-ample over U0, where
X 0 = X ×U U0, and

for any component Si of S, (KX +∆)|Si is semi-ample over U.

Then KX +∆ is semi-ample over U.

Proof
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Theorem 20 (Fujino)

Let (X ,∆) be an lc pair and let f : X → U be a proper morphism
onto a variety U. Assume the following conditions:

H is a f -net Q-Cartier Q-divisor on X .

H − KX +∆ is f -nef and f−abundant.

κ(Xη, (aH − (KX +∆))η) ≥ 0 and
ν(Xη, (aH − (KX +∆))η) = ν(Xη, (H − (KX +∆))η) for
some 1 < a ∈ Q. Where η is the generic point of U.

There is a positive integer c such taht cH is Cartier and that
OT (cH) := OX (cH)|T is f -generated, where T is the non-klt
locus of (X ,∆)




